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Abstract 

We consider antiPoisson superalgebras realized on the smooth Grassmann-valued functions 
with compact support in R™ and with the grading inverse to Grassmanian parity. The lower 
cohomologies of these superalgebras are found. 


1 Introduction 

The odd Poisson bracket play an important role in Lagrangian formulation of the quantum 
theory of the gauge fields, which is known as BV-formalism a 0 (see also 0-ij). In [6], 
it was shown that there are two analogs of the Poisson bracket and related “mechanics”: 
a direct one, still called the Poisson bracket, and the “odd” one, introduced in physical 
literature in p] under the name “antibracket”. 

The antibracket possesses many features analogous to those of the Poisson bracket and 
even can be obtained via “canonical formalism” with an “odd time”. However, unlike the 
Poisson bracket, on different aspects of whose deformations (quantization) there is volumi¬ 
nous literature, the deformations of the antibracket is not satisfactorily studied yet. The only 
result is [7], where the deformations of the Poisson and antibracket superalgebras realized 
on the superspace of polynomials are found. 

The goal of present work is finding the lower cohomology spaces of antiPoisson super¬ 
algebra realized on the smooth Grassmann-valued functions with compact support in M n . 
These results is used in the next work [8] where the general form of the deformation of 
such antiPoisson superalgebra is found. Particularly, it is shown in |8j that the nontrivial 
deformations do exist. 

Let IK be either M. or C. We denote by D(M n ) the space of smooth K-valued functions 
with compact support on MT This space is endowed with its standard topology. We set 

= V(R n +) 0 G n “, = G 00 ^) 0 G n ", D£- = T>'(R n+ ) 0 G n ~, 
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where G n ~ is the Grassmann algebra with n_ generators and D / (M n+ ) is the space of con¬ 
tinuous linear functionals on D(M n+ ). The generators of the Grassmann algebra (resp., the 
coordinates of the space R n+ ) are denoted by for a = 1,..., n_ (resp., x 1 for i — 1,..., n + ). 
We shall also use common notation which are equal to x A for A — 1,..., n + and to £ A ~ n + 
for A = n + + 1,..., n + + n_. 

The spaces D™-, E”-, and possess a natural parity which is determined by that of 
the Grassmann algebra, it is denoted by e. Set: e = e + 1. 

We set £a — 0 for A — 1,..., n + and £a = 1 for A = n + + 1,..., n + + n_. 

It is well known, that if n + = n_ = n then the bracket 

l/.9](.-) = E w - • ( L1 ) 

def 

called antibracket , defines a Lie superalgebra structure on the superspaces D„ = D" t and 

d& f 

E n == E” with the e-parity. Clearly, the form u dehning the antibracket 

[f, g }( z ) = f( z )JLu; AB -^g(z), 

is constant, non-degenerate, and satisfies the condition 

0 J BA = -(-iy AeB cu AB , e(u j ab ) = e A + e B , 

Here these Lie superalgebras are called the antiPoisson superalgebras. 0 We set: D' n '= 

o;r- 

The integral on D n is dehned by the relation 

/ dzf{z ) = f dx [ d£f(z), 

J J R" J 

where the integral on the Grassmann algebra is normalized by the condition 

J ■■■(" = i. 

We identify G n with its dual space G ,n setting 

f(g) = f HOaiO for any f,g e G n . 

Accordingly, the space Y)' n of continuous linear functionals on D„, is identified with ©'(M”) ® 
The value m(f) of a functional m G on a test function / G D n will be often written 
in the integral form: 

m(f ) = [ dzm(z)f(z). 


1 We will also consider the usual multiplication of the elements of the antiPoisson superalgebras with 
commutation relations fg = (— l) e P^ e ^gf, so the x l will be called even variables and the will be the odd 


ones. 
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2 Cohomology of the antiPoisson superalgebras (Re¬ 
sults) 

Let D„ act in a Z 2 -graded space V (the action of / £ D n on v £ V will be denoted by 
f ■ v). The space C P (D,„, V) of p-cochains consists, as in [TO] , of all separately continuous 
multilinear superantisymmetric maps D p — >V. Superantisymmetry means, as usual, that 

M p (..., f u f i+u ...) = _(-i)d/dd/ i+ i) Mp( ... ? /. +1 , /,,...). 

The space C p (D n , V) possesses a natural Z 2 -grading: 


e(Tf p (/i,..., / p )) — eM p + e(/i) + • • • + e(/p) 

for any (homogeneous) fj £ D„. We will often use the Grassmann £-parity@ of cochains: 
£m p = £m p + p + 1. The differential rij : G p (D n , G)—>G p+1 (D n , G) is defined as follows: 


p+i 




3 = 1 


^(_l)J+«(/ J )l<(/)l. +U -. Mp (/ 1 , [/„ /,],/,+„ / p+1 ), 


( 2 , 1 ) 


i<j 


for any M p e G p (D n , V) and / x , — , f p+ \ E D n having dehnite e-parities. Here the sign 
means that the argument is omitted and 


l=i 

We have d ^ + , d} p = 0 for any p = 0,1,.... The p-th cohomology space of the differential d x p 
will be denoted by Hy. The second cohomology space H‘f id in the adjoint representation is 
closely related to computing infinitesimal deformations of the Lie bracket [•, •] in the form 

[f,9]* = [/) 9] + h[f,g] 1 + ... 
up to similarity transformations 


[/) 9]t = T _1 [T/, Tg], 

where a continuous linear operator T : H[[/l 2 ]]—W[[/i 2 ]] is of the form T = id + h 2 Ti. The 
condition that [-, -]i is a 2-cocycle is equivalent to the Jacobi identity for [•,•]* modulo the 
h 2 - order terms. 

We study the cohomology of the antiPoisson superalgebra D n in the following cases: 

1. The trivial representation: V — K, / ■ a — 0 for any / £ D n and a £ IK. (Notation: 
Hi and d* r ). 

2 If V is the space of Grassmann-valued functions on R ra , then e defined in such a way coincides with the 
usual Grassmann parity. 
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2. V — Y)' n and / • g — [/, g\ for any / G D„, g E D' ( . (Notation: H^, and d p d ). 

3. V = E„ and f ■ g — [f,g] for any f E D n , g E E n . (Notation: H ^ and d p d ). 

4. The adjoint representation: V = D n and / • g = [f,g] for any f,g E D n . (Notation: 
#ad and d f)- 

In the case of the trivial representation, IK is considered as a superspace whose e-even sub¬ 
space is zero. We say that the p-cocycles M p ,... M* are independent if they give rise to 
linearly independent elements in H p . For a multilinear form M p taking values in D„. E n , or 
d;, we write M p (z\ f\,..., f p ) instead of more cumbersome M p (fi ,..., f p )(z). 

The following theorems describe lower cohomology of the antiPoisson superalgebra. 
Theorem 2.1. 

1. Hi ~ 0 . 

2. Let n > 2. Then Hi ~ 0. 

Let n — 1. Then Hi ~ IK 2 , and the cochains 

to (/,<?) = J dz(-iyW{d 3 ,dJ(z)}g(z), g 2 (f,g) = J dz(-iy^{^f{z)}g(z) (2.2) 


are independent nontrivial cocycles. 

It follows from Theorem 12.11 that if n = 1, then the antiPoisson superalgebra has a 
2-parametric central extension. These extensions are described in [8]. 

Now, let Z n = D n © C E .„, (D n ), where Ce„ (D n ) is a centralizer of D„ in E„. Clearly, 
C e „(D„) = K. 

Theorem 2.2. 


1. H ~ H g ~ IK; the function mo(z) = 1 is a nontrivial cocycle. 


^a°d^0. 


2. (a) Hf,, ~ Hi ~ IK 2 ; independent nontrivial cocycles are given by 

mi\i(z\f) = E z f(z), mi| 2 (z|/) = A f(z), 


where 


e. 


i 


1 ~a d 
2" dz A ’ 


A 


-(- 1) £a lo ab 
2 y ’ 


_d_ _ d_ 

dz A dz B 


d_d_ 

dx { d £* 


(2.3) 


(b) Let V 2 be the two-dimensional subspace of C 1 (D n , D n ) generated by the cocycles 
mi |i and mi | 2 . Then there is a natural isomorphism V 2 © (E n /Z n ) ~ H d d tak¬ 
ing ( Mi,T ) E V 2 © (E n /Z n ) to the cohomology class determined by the cocycle 
Mi{z\f) + [t(z), f(z)}, where t E E n belongs to the equivalence class T. 
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3. Let the bilinear maps m 2 ji, m 2|2 : (Di) 2 —>Ei and m 2 \ 3 m 2 14 : (D„) 2 —>E n be defined 
by the relations 

m 2 \i(z\f,g) = I dud v g(u)dyf(u), e m2jl = 1, (2.4) 

m 2 \ 2 (z\f,g) = I du6(x - y)[d v g(u)d%f(u) - d v f(u)d%g(u)\ + 

+x[{d^dlf(z)}d^d x g(z) - {d^d x f(z)}d i d 2 x g(z)l e m2|2 = 1, (2.5) 

m 2 \ 3 (z\f,g) = (-l) £m {(l-N^)f(z)}(l-N^)g(z), e m2j3 = 1, (2.6) 

m 2 i 4 (z\f,g) = (- l) £[f) {Af(z)}£ z g(z ) + {£ z f{z)}Ag(z) e m2|4 = 0. (2.7) 

where z = (x,£), u = (y,rj), = £<%. 

Then 

(a) H 2 d ~ K 2 and the cochains m 2 \ 3 (z\f, g) andm 2 \fiz\f , g) are independent nontrivial 
cocycles. 

(b) Let n — 1. 

Then Hfi, ~ if|, ~ K 4 and the cochains m 2 \i(z\f,g), m 2 \ 2 (z\f,g), m 2 \ 3 (z\f,g), 
and rn 2 \fiz\f, g) are independent nontrivial cocycles. 

(c) Let n > 2. Then H^, ~ H ~ K 2 and the cochains m 2 \ 3 (z\f, g) and m 2 \±{z\f,g) 
are independent nontrivial cocycles. 


3 Preliminary and Notation 

We define 5-function by the formula 


dz'5(z' - z)f(z') = / f(z')8(z — z!)dz! = f(z). 


Evidently, 

[/,«](*> = - 2/a 9 ( 2 ), 

(-1 Y is> J dzf\g,h]= I dz[f,g]h +2 J dzfAgh, 

where A is defined by (12.31) . 

The following notation is used below: 

T -{A) k ... = T.. Al ...A k ..., T.„ AiAi+1 ,„ = (-1 ) £A * £A i+iT.. Ai+lAi '", i = 1, . 

T. {A)k ...Qj A ^... = T. A ,.. Afc ...g.. 

(a A ) Q = <9 Al <9 A2 ... 8 Aq , ( p A ) Q = p Al p A2 ... p Aq , 


., & — i 


and so on. 
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We denote by M p (...) the separately continuous superantisymmet.rical p -linear forms on 
(D n ) p . Thus, the arguments of these functionals are the functions f(z) of the form 

n 

/w = £-WW(n*eD„, fcwcsr). (3,i) 

k =0 

For any f(z) G D„ we can define the support 

supp(/)'= |J supp (f( a ) k (x)). 

(<*)k 

For each set V C M n we use the notation zf]V = 0 if z = (x,£) and there exist some 
domain U C M n such that x G U and U f]V = 0. 

It can be easily proved that such multilinear forms can be written in the integral form 
(see [[TO]): 

...,fp) = J dz p ■ ■ ■ dz l m p {z l ,..., z p )f i(zi) • ■ ■ f p (z p ), p = 1 , 2 ,... (3.2) 

and 

M p {z\f!,..., f p ) = I dzp---dz 1 m p (z\z 1 ,...,zp)f 1 (z 1 )---fp(zp), p= 1,2, ... . (3.3) 

Let by definition 


.. •, fp)) — e mp + pn + e(/i) + ... + e(f p ). 

It follows from the properties of the forms M p that the corresponding kernels m p have the 
following properties: 

£m p T £m p j ^m p PW T E-Mpi £m p £ m p T P T 1, 

m p (*|^i... z i+ 1 ...z p ) = (-l) n m p (*\z 1 ... z* +1 , z* ... z p ). (3.4) 

Here z* = (x, — £) if z — (x, £). 

Introduce the space M.\ C C 2 ( D„, D' n ) consisting of all 2-forms which can be locally 
represented as 


Q 

Ml p (z\f,g ) = V m'W'MIKr/WIs - (-l) e « e< »)[(^)« 9 (z)]/), (3.5) 

q=0 

with locally constant Q and the space M . 2 C C 2 (D n , D(J consisting of all 2-forms which 
can be locally represented as 

Q 

M| 2 ( 2 |/,s) = £> 2 < J >'(z|[( d A ) q f]g - (-1 (d A y g ]f) (3.6) 

q =0 

with locally constant Q , where m 1,2 ^ q (z |-) G C ,1 (D n , D'J. 
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The space Mo = -MiP| M 2 is called in this paper the space of local bilinear forms. It 
consists of all the form, which can be present as 

Q 

M 2 \ioc(z\f,g) = ^ mW'W*{z) (( d A )*f(z ) (d B ) p g(z) - (-1 )<^\d A ) q g{z) (d B ) p f(z)) . 
p,q= 0 

Here m^ q ^ B ' >p E D 1 0 G n , and the limit Q is locally constant with respect to z. 

The following low degree filtrations V p and V p . q of the polynomials we will use in what 
follows: 

Definition. 

Vp = { f(k ) E E n [k\ : 3 g E E n [a, k] f(ak ) = a p g(a, k)}, 

P p,q = {f{k 1 , h) E E n [fci, k 2 \ ■■ 3 g E E„[a,/3, k h k 2 \ f(aki,/3k 2 ) = a p f3 q g(a, (3, h, k 2 )}. 

Evidently, V p . q C V r , s if p > r and q > s. It is clear also, that if / G V p . q and g E V r , s 
then fg E V p+r/1+s - Analogous relations are valid for V p . 

4 Cohomologies in the trivial representation 

In this section, we prove the theorem 12.11 

4.1 Hl r 

Let Mi(/) = f dzm 1 (z)f(z). Then the cohomology equation has the form 0 = dfMi(f,g) = 

-Mi ([f,g]) = ~ J dzmi(z)[f(z),g(z)], and hence m 1 {z)-^ x u} AB -^ B f{z) + 2m l (z)kf(z) = 0. 
Finally, mi(z) = 0, i.e., Hf = 0. 

4.2 H^ r 

For the bilinear form M 2 (f,g) = f dudzm 2 (z, u)f(z)g(u) the cohomology equation has the 
form 

M,([f,g],h) - (-1 )‘^M 2 ([f,h],g) - M 2 (/, [g,h]) = 0. (4.1) 

Let supp(h) P| [supp(/) (Jsupp(g)] = 0 - Tl ien we have M 2 ([/, g \, h) — 0 (the hat means 
that the corresponding form (or kernel) is considered out of the diagonal), which imply 
rh 2 (z,u) = 0. Thus we can represent M 2 (f,g) in the following form (see [IP] ) 

K r 

M 2 (J,g) = J2 dzm ( 2 Ah (z) ((-1 )‘M(B A ) k f(z) ■ g(z) - (-1 )^yKW>\g A ) k g(z) . /(-)) , 

k =0 ^ 

(4,2) 


where upper limit K is locally constant. 

Proposition 4.1. Summation in formula 1 ) is made over even k. 

In particular, the highest degree K of derivatives in formula (14.2[) is even, K = 2m. 






Indeed, let Kq be the highest odd degree of derivatives. Then a summands with k 
in the second term is equal to 


f dzw%‘ > *°(z)[(d A ) K ‘f(zMz)+ Y, f dzw[ A) -(z)g(z)(d A ) k l(z) 
^ k<K 0 J 
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K 0 


and terms with k = Kq are canceled in Exp. (14.211 . 

The cohomology equation has the form 

2m n. 

Y /^rn< J) *((-irW + “ ( »>{((a J ) l [/,9])fc + (-l) ( '' l/)+E< » )+1)s( '‘ ) ((a J ) l fc)[/.9]} + 

k =0 ^ 

+ (_ 1 )e(ffMh)+e(/)+ e (s) r(( 5 A )fc u h])g + (-1 y^ f)+e ^ +1 \(d A ) k g)[f, ^1} + 

+ (-l yW{((d A ) k f)[g,h] + (-1 )<^ + ^ +1 \(d A ) k [g,h])f}) = 0. (4.3) 

Analogously to [S], take the functions in the form f(z) —> e zp f(z), g(z) —> e zq g(z), 
h(z) —> e~ z(j>+q ^h(z), and consider the terms of the highest order in p and q which equals 
to 2m + 2. Using the notation (p,q) = Xm b(~^-) £A ^ AB PA qB = {q,p) { £ ((p,q)) — 1) and, 
introducing the generation function 

F m (z,p ) = m ( 2 Ahm (z)(p A ) 2m , 


we obtain 

(p,p)F m (z,q) + ( q,q)F m (z,p ) + (p,q){F m (z,p) + F m (z,q ) - F m (z,p + q)} = 0 (4.4) 

Let p = (vi, 0i), q — (, £*). Then we can rewrite (14.411 in the form 

2 v9F m (z,q) + 2y(F m (z,p) + (x( + 6y){F m (z,p) + F m (z,q) - F m (z,p + q)} = 0 (4.5) 

Proposition 4.2. Let n > 1, m > 2. Then 

F m (z,p) — 0. (4.6) 

Proof. Let us differentiate Eq. (14.511 by d q Bd q A at q — 0. We obtain 

e l d vj F m (z,p ) + 9 J d v iF m (z,p) = 0 =>• d v iF m (p ) = 29 l cn(z,p), 
v l d e jF m (z,p) - v J d e iF m (z,p) = 0 => d d iF m (z,p) = 2v t a 2 (z,p), 

25 ij F m (z,p) + 0 l dgjF m (z,p) - v J d v iF m (z : p) = 0 => 

S i:j F m (z,p ) = v 3 9 l a(z,p ) = v l 9 3 a(z,p), a(z,p) = ai(z,p) - a 2 (z,p ) 

Let i = 1, j = j ± 1 (j = (1 ,])). We have 

0 = v~ j 9 1 a(z,p ) = v 1 9~ j a(z,p ) =>- 9 l a(z,p ) = 0 =>- F m (z,p ) = 0. 
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Proposition 4.3. Let n > 1, m = 1. Then 

Fi{z,p) = ^b 1 (z){p,p), (4.7) 

i.e., Fi(z,p ) corresponds to the differential of some 1-form (see Exp. \fll\j ). 

Proof. 

Fi{z,p) = ^ PaPbP{z)ab , Fab = ^ ^ ^ 

From (14.5p it follows 

2 vda i:j + 9\a jk v k + b jk 6 k ) + 9 ] (a ik v k + 6 ifc 6» fc ) = 0 =*► b ik = Mifc, = 0 , 

2 vOcij + v l (v 3 + c jfc 6> fc ) - w J (w* + c ik 9 k ) = 0 =>- = 0 =>- P(z) A b = h(-lf A cu AB . 

■ 

Proposition 4.4. Let n > 1, m = 0. Then F 0 (z,p) = 0. 

Proof. Indeed, F 0 (z,p) = bo(z), and it follows from (14.51) that 

(2 v9 + 2y( + v( + 9y)b 0 (z) = 0 => b 0 (z) = 0. (4.8) 


Proposition 4.5. Let n = 1. Then 

F(z,p) = Fi\i(z)v 2 + F 2 \i{z)v9 + F 2 \ 2 (z)v 3 9. 


Proof. We have in the case under consideration 

Fm(z,p) = F 1[m (z)v 2m + F 2 \m{z)v 2rn ~ l 9. 

Eq. (14.5p takes the form 

2v9(F llm y 2m + F 2 \ m y 2m ~\) + 2yC,(F 1 \ m v 2m + F^v 2 ^) + 

+v((F 1{m v 2m + F 2 \ 7n v 2m ~ 1 9 + F 1]m y 2m - F llm (v + y) 2m - F 2]m (v + y) 2m ~ l 9 ) + 
+y9(F llm v 2m + Fi\ m y 2m + F 2 \ m y 2m ~\ - F 1]m (v + y) 2m - F 2 \ m {v + y) 2m ~\) = 0. 


F llm [2vy 2m + v 2m y + y 2m+1 -(v + y) 2m y] = 0, (4.9) 

F 2lm [2vy 2m - 1 -2v 2m - 1 y-v 2m + v(v + y) 2m - 1 +y 2m -(v + y) 2m - 1 y] = 0. (4.10) 

Setting y — v in Eq. (14.9p . we obtain (4 — 2 2m )v 2m+1 Fi\ m (z) = 0, such that Fi\ m (z) = 0 if 

m/1. 

For m > 3 Eq. (14.10p takes the form F 2 \ m (z)[2(m — 2)v 2m ~ 1 y + 0(v 2m ~ 2 )} = 0 and so 
F 2 \ m (z) = 0 for m > 3. Eq. (14.91) for m = 1 and Eq. (14.10p for m — 1,2 are identically 
satisfied for arbitrary Piq^), F 2 \i(z), and F 2 \ 2 (z). ■ 
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Note that F 2 \i(z)v9 corresponds to some coboundary, i.e. to the differential of some 
1-form. 

Return to the complete form of cohomology equation. 

It is useful to rewrite a trivial solution of cohomology equation (14.11) . 

M 2 \ tr (f,g) =d?M 1 (f,g) = I dzmi(z)[f(z),g(z)}, 

in the form (14.21) , 

M 2 |,r(/, 9 ) = - { <fem 1 (z)(rl)‘<'> ([A f(z)}g(z) + (-l) t(flt “[A 9 ( Z )]/( Z )) - 

- I dzm 1 (z)A(-iy l/, f(z)g(z). (4.11) 

Consider the case n > 1. According to Eqs. (14.6[) . (14.71) and (14.111) . M 2 (/, g) can be 
represented in the form 

M 2 (f,g) = di r Mi(/,^) + M^f,g), mi(z) = ~&i(z), 

M' 2 (f,g)= j dzm'°(z)(—iy^f(z)g(z), m'°(z) = m°(z) + rrii(z) A. 

The form M' 2 {f,g) satisfies the cohomology equation (14.ip . and therefore, according to Eq. 
(14. 8p . M 2 (f,g) = 0. Thus, we have proved the following proposition 

Proposition 4.6. Let n > 1. Then the general solution of the cohomology equation 
(OTiy has the form 

M 2 (f,g) = d t fM 1 (f,g). 


Now consider the case n — 1. According to above consideration, in this case the solution 
of the cohomology equation (14.11) can be represented in the form 

M 2 (f,g) = M 2 | 4 (/, g) + M 2 | 2 (/, g) + M 2 | 0 (/, g) + d t fMi(f,g), 

where 

M 2 | 4 (/, <?) = J dzm,(z)(-iyW{[d 3 x dsf(zMz) + (-1 y {f)£{9) [d 3 Ag(z)]f(z)}, 

M 2 \ 2 (f,g) = j dz(-iy (f \[m 2ll (z)dlf(z)]g(z) + (-iy UM9 \m 2ll (z)dlg(z)]f(z)}, 

M 2 \ 0 (f,g)= j dzm 0 (z)(-iy if) f(z)g(z), M x (f) = j dzm 2 \ 2 (z)f (z). 

Take the functions in the form f(z) —» e zp f(z ), g(z) —> e zq g(z), h(z) —> e~ z ( p+q ' > h(z), 
and consider the terms of the sixth and fifth orders in p and q in cohomology equation (14.11) . 
Only M 2 | 4 (/, g) from M 2 (f, g) will take part to such terms. The sixth order in p and q terms 
are cancel identically and we obtain the following equation for the fifth order terms 

d x m 4: (z)( 2v 3 + 3 v 2 y — 3 vy 2 — 2 y 3 )9( + 

+m 4 (^) d ^[(2v 3 y + 3 v 2 y 2 + vy 3 )0 + ( v 3 y + 3 v 2 y 2 + 2vy 3 )(\ = 0. (4.12) 
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It follows from Eq. (14.12[) . that d x mi(z ) = m 4 (z) <9^ = 0. So m^z) = |mi = const. Thus, 
we can write 

M 2 (/, g) = miViif, g) + M 2 (f,g) + d t fM 1 (f, < 7 ), M 2 (f, g) = M 2 \ 2 (f,g) + M 2 \o(f,g), 

Hi (f,g) = j dz(-l) e(J) {d%dtf(z)}g(z), e w = 1. (4.13) 

The form iii(f,g) satishes cohomology equation (14.11) . such that the form M 2 (f,g) satisfies 
cohomology equation (14.11) too. Again, take the functions in the form f(z) —>■ e zp f(z), 
g(z) —> e zq g(z), h(z) —* e _ 2 ^ + 9 - ) h(z), and consider the terms of the fourth and third orders 
in p and q in cohomology equation (14. ip . Only M 2 j 2 (/, g) from M 2 (f,g) will take part to 
such terms. The fourth order in p and q terms are cancelled identically and we obtain the 
equation for the third order terms 

[dx m 2 \i(z)y + d x m 2 \ 1 (z)y(2v + y))6 + [d 2 x m 2 ^(z)v + d x m 2ll (z)v(v + 2y)}( - 
-2d x d^m 2 \i{z)vy - d(.m 2 \i(z)vy(v + y) = 0. (4.14) 

It follows from Eq. (14.141) 

d x m 2 \i(z) = m 2 \ 1 (z) = 0 =>• m 2 \i(z) = ^m 2 = const. 

It is easy to prove that the form M 2 \ 2 (f,g), 

M 2 \ 2 (f,g) = m 2 fi 2 (f,g), H 2 {f,g) = f dz{-l) £{f] {d 2 x f(z)}g(z) 1 e M2 = 0. (4.15) 

satishes cohomology equation (14.11) . Therefore, the form M 2 \ 0 (f,g) satishes cohomology 
equation (14.ip too. That means M 2 \ 0 (f,g) = 0. 

Finally, we have proved the following proposition 

Proposition 4.7. Let n = 1. Then the general solution of cohomology equation in 
the trivial representation has the form 

M 2 {f,g ) = mifii(f,g) + m 2 p, 2 (/,fiO + <%M 1 (f,g), 

where 

Hi (f,g)= j dz(-l) £{f) {dldj(z)}g(z), fi 2 (f,g) = j dz(-l) £{f) {d 2 x f{z)}g(z). 

The forms Hi(f,g) and /i 2 (/, g) are independent nontrivial cocycles. Indeed, suppose 
that the relation 

m!Hi(f,g) + m 2 p 2 (f,g) = —di r Mi(/, g) = j dzm 1 (z)[f{z),g{z)} (4.16) 

is valid. Take the functions / and g in the form f(z) —► e zp f{z ), g(z) —> e~ zp g(z): 

m 1 J dz(-l) £{f) {[(v + d x ) 3 (9 + dyf(z)}g(z)+ m 2 J dz(-l) £{f) {[(v + d x ) 2 f {z)]g{z) = 

= - J dzm 1 (z){f(z)(d A + (-iy A p A )u AB (d B -p B )g(z)}. 

Considering the terms of the fourth order in p, we obtain that Eq. (I4.16P can be satished 
for mi = 0 only. Then, considering the terms of the second order in v, we obtain that Eq. 
(14.161) can be satished for m 2 = 0 only. 
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5 Zeroth and first adjoint cohomologies 

5-1 H« d 

Let M 0 (z) be 0-form. Then cohomology equation 0 = d^M 0 (z\fi ) = — [M 0 (z), fi(z)] gives 
Mq{z) = a = const. So H^, ~ H^ n ~ K and H d d = 0. 

5-2 Hl d 

Let Mi(z\f) = f dumi(z\u) f (u) be 1-form. Then cohomology equation d^Mi(z\f, g) = 0 
gives 

[Mi(z\f),g(z)\ - (-l) e(/)e(9) [Mi(z\g), f(z)] - Mi{z\[f,g}) = 0 (5.1) 

Let z f>upp(/) = zC\supp(g) = 0 - Th en Mi(z\[f,,g]) = 0 and 

rh\(z\u) d + 2rhi(z\u)Af(u) = 0 . 


So rhi(z\u) = 0, and 


Q 

9=0 

Let f(z) = e zp , g(z) = e zk in some vicinity of x, and 

Q 

F(z,p) = t iB)q {z)(p B ) q , e(F(z,p )) = e Ml - 

9=0 

The function F(z,p) is polynomial in p for every z and a degree of this polynomial locally 
does not depend on z. 

Then the cohomology equation acquires the form 

(. F(z,p ) + F(z, k ) - F(z,p + k)) (p, k) + [F(z, k ), zp\ + [F(z,p), zk\ = 0. (5.2) 

Consider the terms of highest order Q + 2 in Eq. (15.21) . 

Let Q >2. We obtain 


( f q(z,p) + Fq(z, k ) ~ f q(z,p + k)) (p, k) = 0, 
where Fq(z,p) = t^ Q (z)(ps) Q ■ Acting on Eq. (15.3[) by the operator 


Fq{ ' Z ' P ')^Y PCU jCB + (- 1 ) £a£s Tq(^,p)^Pc^ CA = 0. 


fc =0 


(5.3) 
, we find 

(5.4) 


The general solution of (15.41) has the form 


Fq(z, Pi A = t(z,p)(-iy c p c u CA , 


( 5 . 5 ) 











13 


where t(z,p) is some polynomial in p. Using the property 


Fq{z,p) 


d d 
dp A dp B 


(-1 Y a£b Fq ( Z ,p) 


_d _ d_ 

dp B dp A 


= 0 , 


we obtain from Eq. (I5.5[) 


t(z,p)^-p c uJ CB - (-1 ) £AeB t(z,p)^-p c uJ CA = 0 
dpA dp B 

which implies t(z,p)j^pA = 0 and as a consequence t(z,p ) = t(z). So, we have 

Q = 2, F 2 (z,p) = h(z) (p,p ), F(z,p) = t°(z) + t A (z)p A + ^t(z) (p,p ), 
and Eq. (15.2p acquires the form 


t°(z) {p, k) + [F(z, k ), zp\ + [F(z,p), zk\ = 0. (5.6) 

Considering the terms of third order in p and k in Eq. (15.61) . we obtain t(z)-^x = 0 and so 
t(z) = t = const. Considering the terms of first order in p and k in Eq. (15.61) . we obtain 
= 0 and so t°(z) — t° — const. 

In such a way, Eq. (j5.6[) is reduced to the equation 

t°uj AB + t B (z)-^ u cu CA (-l) eA+£B + t A (z)J^cu CB {-iy A£B = 0 
general solution of which has the form 

t A (*) = -^* A + h(z)^gU BA - 

Finally, we have obtained that general solution of the cohomology equation (15.11) has the 
form 

MMf) = t°£. z f(z) + tAf(z) + dfM 0 (z\f), 

where M 0 (z) = t\{z). Each summand in this expression satisfies the cohomology equation 
and first two of them are nontrivial cocycles. Indeed, it is obvious that an equation 


t°£zf(z) +tAf(z) = [(f>{z),f{z)] 
has solution for t° = t = 0 only. 

Let us discuss the term [£(z), f(z)]. Is this expression a coboundary or not? Analogously 
to ra. the answer depends on the functional class A in which the considered multilinear 
forms take their values. 

1 ) A — T)' n . In this case t(z) G and the form [t(z), f(z)} is exact. 

2) A — E n . In this case t(z) G E n and the form [t(z), f(z)} is exact. 

3) A — D„. In this case the condition [t(z),f(z)] G D„ gives the restriction t(z) G E n 
only, and the form [t(z),f(z)] is exact if and only if t(z) G D rt © Ce„(D ra ). So the forms 
[£(z), f(z)] are independent nontrivial cocycles parametrized by the elements of factor-space 
E n /Z n , where Z n = D„ © Ce„(D„). Here Ce„ (D n ) is a centralizer of D n in E n . Evidently, 
C e _(D„) = K. 
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6 Second adjoint cohomology 

For the bilinear form 


M 2 (z\f,g) 


j dvdum 2 (z\u, v)f{u)g{y) G A 


the cohomology equation has the form 

d?M 2 (z\f,g,h) = yW*W[M 2 (z\f,g),h(z)\ + 

M 2 (z\[f, g], h) + cyc\e(f, g, h)} = 0. 


( 6 . 1 ) 


6.1 Nonlocal part 

6.1.1 n> 2 

Here we prove the following proposition: 

Proposition 6.1. Let n > 2. Then any adjoint 2-cocycle can be expressed in the form 
M 2 (z\f,g) = M 2lloc (z\f : g) + dfM 1{1 (z\f,g), 


where M 2 \\ oc G Mo- 

Proof. 

Firstly, let us prove that 

M 2 (z\f,g) = M 2{2 (z\f,g) + dfM lll (z\f,g), 


where M 2 \ 2 G M. 2 . Let 


* n supp ^ u supp (s) u supp ^) = supp ^) n supp ^) u supp(/i) 


= 0 . 


We have M 2 (z\f, [g, h}) = 0, which implies rh 2 (z\u, v)d v A^ AB dsg{v) +2rh 2 (z\u,v)Ag(v) = 0 
and so rh 2 (z\u,v) = 0 . 

As before, we can decompose 


M 2 {z\f,g) = M 2 \i(z\f,g) + M 2 \ 2 (z\f,g ), 


where M 2 p G Aii and M 2 \ 2 G M. 2 . 

The proposition 14.11 can be applied to this case also, and we can assume, that the sum¬ 
mation in the expression (13.5p for M 2 \i(z\f, g) is made over even q. 

Let 


su p P( /)Us upp (,)u supp(/i) 


= 0 . 


In this domain, M 2 \ 2 = 0 and we obtain 


- (-i)<W<b)M 2|1 ( z |[/,/i] l9 ) - M 2[1 (z\f,[g,h]) = 0. ( 6 . 2 ) 


This equation can be solved analogously to Eq. (14.ip . 
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Using the proposition 14.21 we can write (up to local form which is included to M 2 \ 2 (z\f, g)) 
A / 2 |1 (z\f,g) = i + + 

+ j dum l0 (z\u)(—iy^' l f(u)g(u). 

Represent M 2 \i(z\f,g) in the form 

Mqi{z\f,g) = g) + clfM Ml (z\f, g), M 1{1 (z\f) = j dum 1 (z\u) f (u), 

mL\i W,g) = \f + + 

+ j dum' 10 (z\u)(—1) £ ^ f(u)g(u), 

m ,1AB (z\u ) = m 1AB (z\u ) + (-1 ) eA u AB m\z\u), {-lf A uj AB m llAB (z\u) = 0, 

m ,10 (z\u ) = m 10 (z\u ) + m 1 (z\u)A, m l (z\u) = — (— l) £A ujAB'm 1AB (z\u), 

2 n 

where uj A b is defined by the relation uj A b^ BC = d A - The form MU (z|/, g) satisfies Eq. (16.2[) . 

- (-l) w '‘) + i> W9 > + i)M^ |1 ( Z |[/,ft],s) - [g, ft]) = 0, 

and, from the proposition 14.31 it follows m' 1 AB (z\u)paPb = \bi{z\u){p,p). So m ,1AB (z\u) = 0 
and then m' w {z\u) = 0. 

Thus, we have proved that M 2 (z\f,g) = M 2 \ 2 (z\f, g) + d^Mi\i(z\f, g). 

Further, let [z (J supp(/) (J supp(g)] p| supp(h) = 0. Then the cohomology equation (16.11) 
gives 

Q 

(-!)«/>«», [ /W ,£ 

g=0 

Q 

-(^l)< 9 ^ +e ^[g(z),J2 

Q 

+E 

9=0 


J dum 2 ^(z\u)(-l)^ + ^{(d^ 


J durh 2 ^ q (z\u)(—l) £ ^\d%) q f (z)h(u)] + 


J durh 2 ^ q [z\u)(—l) e ^ 9 \d\) q g{z)h(u)} 


which implies 

Q 

9=0 

Q Q 

+ Y^[m 2iA)q {z\u)(d Z A) q f(z),g(z)} -^m 2{A)q (z\u)(d z A ) q {[f(z),g(z)}} = 0. (6.3) 

9=0 9=0 
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Take the functions in the form f(z) = e zp , g(z) = e zq in some vicinity of x, and consider 
the terms of the highest order in p and q which equals to Q + 2. We have 

rh 2 ^ Q (z\u)(pa + /ca) Q (p,k) = 0 =>■ rh 2lyA)Q (z\u) = 0 =>■ m 2( ' A ' >q (z\u) = 0, Vg. 

Thus, proposition 16.11 is proved. ■ 

6.1.2 n = 1 

In this case each function f{z ) can be decomposed as f(z) = fo(x) + 

Proposition 6.2. Let n — 1 . Then any adjoint 2-cocycle can be expressed in the form 

M 2 (z\f,g) = Cim,2\i(z\f, g) + c 2 m 2 \ 2 {z\f,g) + d^Mx(z\f,g) + M 2loc (z\f, g), 

where Ci are constants. 

The details of the proof can be found in Appendix [U 


6.2 Local part 

Consider the local 2-form 

N 

a,6=0 

m (B)d(Ap = (_ 1 )kA|i,p| efl |i., m (A)p|(B) 9j e ( m W P \(B) q ( d z A ) a (d z B ) b ) =e(Af 2 ). 


The cohomology equation (16.11) reduces to the equation 
d?M 2{loc (z\f } g) = 0 = 

N 

= -(-l)d/)h(9)+dA)[^(_i )A9)(k s |i, 6 + 1 ) m (A) a | ( i? ) 6 (.){(^)a £/ (^)}(^)b /l ( 2 ) j(^)] + 


a,6=0 


N 


a,6=0 
N 

-[ J](-l) £(/)(|£s|l - 6+1) m (A) “ l(B)6 (-){(51) a /(^)}('9B)^(^),/i(-)] - 

a,6=0 
N 

- (-1 ) (£(/ ) +£(9)+1)(|£s|l '" +1) m^“K B)! '(^){(^) a [/(^),g(^)]}(a|) ft /i(^) + 

a,6=0 

N 

E (—1) ( e ( / ) +er ( h ) + i)(l es I 1(^)6 (^) [(a^)° {[/ (jr), /i(js)] > 6 flp (jy) + 


a,6=0 


N 


(-l) e ^(l £s l 1 ' 6+1 )m (A) “ l(B)6 (^){(ai) a /(^)}{(^) 6 [g(^), h(z)}}. 

a,6=0 


(6.4) 
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It is useful to give the expression for the local form, which is a coboundary of a local 
1-form T 1[loc (z\f) = Ef=o t(A)p (z) (d z A ) a f (z), e(t^ a (d z A ) a ) = 0: 

K 

M 2 \triv(z\f,g) = dfT 1]loc (z\f,g) = [^t {A)p {z)(d z A ) a f(z),g(z)] - 

< 2=0 

K K 

_(-l)«(/)«to ) |^ t W P(z)(a , ) . 9W>/w] -Y J tW’(z)(d\Y[f(z),g(z)]. (6.5) 

< 2=0 a =0 

Let the functions have the form f(z) = e zp , g(z) = e zq , h(z) = e zr in some vicinity of x. 
Then Eq. (16.41) acquires the form 

®{z,P,q,r) ( p,q ) + ®(z,q,r,p) (q,r) + ®(z,r,p,q) {r,p) - 
~[F(z,p,q),zr] - [F(z,q,r),zp] - [F(z,r,p),zq] = 0, (6.6) 

where 

<&(z,p,q,r) = <&(z,q,p,r) = F(z,p + q, r) - F(z,p,r) - F(z,q,r) : (6.7) 

N 

F(z,p,q) = F(z,q,p ) = m {A)a ^ B)b {z){p A ) a (q B ) b . 

a , 6=0 

The function F(z,p,q) is polynomial in p, q for every 0 and a degree of this polynomial 
locally does not depend on z. 

Proposition 6.3. Up to coboundary 

M 2 \\oc{z\f, g) = c 3 m 2l3 (z\f,g) + c 4 m 2l4 (z\f, g) + ML oc (z\f, g), 


where 

M 2 \i oc (z\e zp : e zq )e~ z ( p+q ' > G V\ A . 

Proof. 

Let r = 0. Then Eq. (16.61) reduced to 

{ F 0 (z,p ) + F 0 (z,q) - F 0 (z,p + q)} ( p,q) + [F 0 (z,p),zq} + [. F 0 (z,q),zp} = 0, 

where 

N 

F 0 (z,p) = F(z,p, 0) = ]> ^m {AU °(z)(p A ) a ■ 

< 2=0 

This equation coincides with the equation (15.2p and its solution has the following form 

m°\°{z) = t°, m Al0 (z ) = -\t°z A + m ABl °(z)d A d B = tA, 

m {A)al °(z) = 0, a > 3, t° = const, t = const, e(t\(z)) = €m 2 + L 


Let us note that 
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1 . 

(-1 - 1 (- 1 )*<^/W}<?M - \(-ir {J) f(z)N>g(z) = 

= m 2l3 (z\f,g) + dfTu(z\f,g) - (-1 )‘ {,) {N ( f(z)}N ( g(z) - —^[/(r), g(z)]. 
where N z is Euler operator and Tn(z\f ) = ^j^-f(z). 

2 . 


3. 


(-iy^{Af(z)}g(z) + f(z)Ag(z) = 

= m 2 \ 4 (z\f,g) + ^(-1) £(/) {A f{z)}N z g(z) + ^{NJ(z)}Ag(z), 


= (-1 r^Uz)J(zMz) + = 

= dfT 12 (z\f,g) -t 1 (z)[f(z),g(z)}, T 12 (z\f) = t 1 (z)f(z), e Tl =e(ti). 


Choosing t^°(z) = t\(z) in Exp. (16.51) . we obtain (up to coboundary) 

M 2] i oc (z\f,g) = c 3 m 2 \ 3 (z\f,g) + c 4 m 2 \ 4 (z\f,g) + Mq ]oc (z\f,g), 

N 

M' |lo0 (z|/.9)= J](-l)'W( | '*l«+ 1) m(' 1 '“K fl )‘(z)[(a J )“/(2)](as) l> 9(z), C3 = «°, c t =t. 

a,b=l 


Proposition 6.4. Up to coboundary 

M 2 \] OC (z\f,g) = c 3 m 2l3 {z\f,g) + c 4 m 2l4 {z\f, g) + M'^ loc (z\f, g), 


where 

M^ oc {z\e zp ,e zq )e~ z{p+q) e V 2 , 2 . 

Proof. Considering in Eq. (16.6^ the linear in r terms, we obtain 


[F A (z, p + q)- F A (z, p) - F a (z , q)} (p, q) - 

-(-1 ) £A F(z,p,q)d z c u CA - [F a (z, q),zp\ - [.F A (z,p),zq} = 0, 


F A (z,p) 


F{z, p, q) d qA 


q =o 


A (z)(p B ) a . 

a= 1 


( 6 . 8 ) 

(6.9) 


The linear in q terms in (16.9[) give: 

(-\yA+ e *+ e * e B F B( Zj p)P cU CA + (_ iyB+SAZB m A\Bp cUJ CD pD + p A^ p )P cUJ CB = Q 

( 6 . 10 ) 
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The linear in p terms in (16.101) give: 

(-l) eA+eB + E BSC m A\B( z -)*d dUJ DC + [-lfA+ec+eAeB m C\A^ z -^Q ^CB + 

+ (-l Y B+£c+£A£c m B \ c (z)d c u GA = 0. (6.11) 

Multiply Eq. (16. lip by (— l) eAec x A x B xc-, a ) = £a, from the right, we obtain 

m(z,x)d =0, m(z, x) = m A ^ B (z)x A x Bl d = dcu CA XA, d d — 0, 
from what it follows in the standard way 

m(z , x) = t(z , x) d , t(z , x) = 2t A (z)x A => 

m A|B (,z) = + (-l) £fl t s (^) V c o; CA . 

The nonlinear in p terms in (I6.10p give: 

(-1 ) EA F' A (z,p)P c u CB + {-1) £b+£a£b F ,b {z, P )P c u CA = 0, (6.12) 

N 

F ,A (z,p)=J2 miBUA ( z) (PA"- 

a =2 


Multiplying Eq. (16.12^ from the right by x B x A we obtain F'(z,p,x) d = 0, F'(z,p,x) = 
F ,A (z,p)x A , from what it follows in the standard way 

N 

F'(z,p, x) = t'(z,p) d , t\z,p) = ^ A Hz)( PA ) a => 

< 2=2 

F' A (z,p)=t'(z,p)P c u CA . 

So, the terms in M^ loc (z\f, g) proportional to df, or dg, or dfdg have the following 
structure 


N 


^t (A) “a z c ^ Ci? (-i) (es+1)|£Al2 ’ jv+£(/)(£fl+1) [(<9A) a /(-)]^i7(-) + 


( 2=2 

N 


^t^ a d z cuj CA {-l^ £B ^ N+£U){£Bb ’ N+l) d A f{z)[{d B ) a g{z)^ + 

a —2 

^-lyU^B+^^yA+eASB^^ c ^CB + cU CA^ dAf ^Q Bg ^ 

N 

= d?T 1 (z\f,g) + more, Ti(.z|/) = ]T t^(d A ) a f(z), 


a =1 


and “more” means the terms proportional to d a fd b g with a, b > 2. Thus, we obtain (up to 
coboundary) 

M 2 \i oc {z\f,g) = c 3 m 2 \ 3 (z\f,g) + c 4 m 2 \ 4 (z\f,g) + M^ ]BC (z\f,g), 

N 

a,6=2 
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The cohomology equation takes the form of Eq. (16.6[) where now 

F(z,p,q ) = F(z,q,p ) E V 2)2 . 

Proposition 6.5. If F(z,p,q) is solution of Eq. / 1 6. 6\) and F(z,p,q) E V 2t2 then 
F(z,p,q) does not depend on z. 

Proof. Considering in Eq. (16.61) the linear in r terms, we obtain 

F(z,p,q)d z c = 0 =>• m (- 4 )al( s )fe( 2 ;) = — const. 


The cohomology equation takes the form 


$(p, q, r ) (p, g) + <L(g, r, p) (g, r) + $(r, p, g) (r, p) = 0, 
<f>(p, g, r) = $(g,p, r) = F(p + g, r) — F(p, r) — F(q, r ), 
F(p,g) = F(g,p) E V 2 , 2 . 


Acting on Eq. (16. 13ft by the operator 


3 3 

u r A u r B 


we obtain 


r —0 


(6.13) 


F(p,q) (t AB + t AB ) = [F AB (p + «) - F AB (p) - F AB (q)\ ( p , 9 >, (6.14) 

where 

F AB (P ) = F{p,q)*d qA *d qB 

q =o 

= d PA Pcu CB + (~1) £A£B d PB p c eo CA , £ ^ + Cb + 1. (6.15) 

It follows from Eq. (16.141) that 

^ F) £A + eB F AB (jjf F^D ^( £ C+ £ i3+l)( e A+£s+l) ^ l)ec+£D pCD AB 

= "{[(“I ) £a+£d F ad (p)]uj bc + (-1)™[(-1 ) £A+£C F AC {p)]uj BD + 

+(-l) eAeB [(- 1 ) eB+6D F BZ? (p)]w AC + (- 1 ) £A£s+£ ° £D [(- 1 ) £B+£c F sc '(p)]a; j4D },( 6 . 16 ) 

The operators constitute Lie superalgebra pe. 

Proposition 6.6. The solution of Eq. 116.161 ) satisfying the condition F AB (p ) e "P 2 das 
the form 

F ab (p) = -(-1 ) eA + e *<p(p)*Lf 3 + C (- 1 y A {p,p)lo ab , 

where <p(p) is arbitrary polynomial with property <p(p) E V 2 and c is constant. 

The proof of this proposition can be found in Appendix [3j 
Then, it follows from Eq. (16.141) 

{F(p, q ) - [(p{p + q) ~ ip(p) ~ <p(q)} (p, g)} (' L AB + *L ab ^j = 0, 
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and one can easily obtain 

F(p, g) = bb + g) - <p(p) - ¥>(g) + c 5 (p,p) + c 5 (g, g) + 

+c 6 (p, P ) (g, g)] (p, q) + c 7 (p, p) (g, g) 

(eg are constants), which gives (taking in account the condition F(p,q ) = F(q,p)) 

F (p, g) = bb + g) - v>b) - p(g) + c 5 (p,p) + c 5 (g, g)] (p, g). 

Then Eq. (I6.13p takes the form (all terms including the function ip being cancelled 
identically) 


cs [(p, p) (g, r) (p, g) + (g, g) (r, p) (p, g) + (g, g) (r, p) (g, r) + 

+ b, r) (p, g) (g, r) + (r, r) (p, g) (r, p) + (p, p) (g, r) (r, p)] = 0 , 

which implies C 5 = 0 Vn > 1, such that we have 

f(p, g) = b (p + g) - v>b) - <^(g)] b, g) • 

Thus, the form M^ loc (z\f,g) is equal to 

= Pi(z|/),g] - (-l) W/,+1)W9)+,, [T 1 (z|»),/] - 
-pi(z|[/,g]) = <^( 21 /,g), TMf) = 9(d,)f(z). 

Finally, we obtained 

M 2 (z\f, g ) = 5i„[cim 2 |ib|/, g) + c 2 m 2 | 2 (z|/, g)} + 

+c 3 m 2 | 3 (z|/, g) + c 4 m 2 j 4 (z|/, g) + df M 4 (z|/, g), (6.17) 

the expressions for the forms m 2 |ib|/,g), m 2 | 2 (z|/, g), ra 2 | 3 (z|/,g) and c 4 m 2 | 4 (^|/,g) are 
given by Eqs. (12.41) . ( 12.5j) . (j2.6j) and (12.71k respectively. 

6.3 Independence and non triviality 

All forms m 2 i a b|/> g), a = 1, 2, 3,4, are independent nontrivial cocycles for n = 1, and forms 
m 2 \ a (z\f, g), a = 3,4, are independent nontrivial cocycles for n> 2. 

6.3.1 n = 1 

Let 


cim 2 |i(z|/,g) + c 2 ro 2 | 2 (z|/, g) + c 3 m 2 | 3 (z|/,g) + c 4 ro 2 | 5 (z|/,g) = dfM^f.g) = 

= [Mi(z\f),g] - (-l)«W«W[M,( Z |g),/] - M,(z|[/,g]). (6.18) 


Let 


[Mi(z\g), f] = 0 =*► d A Mi(z\g) = 0 


[z U supp(/)] fl supp(g) = 0 
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MMf) 

Let 


Let 


Mn oc (z\f)+1 du9(x-u)ti\i(u)f 0 (u)+J du9(x-u)t 1 \ 2 (u)fi(u)+t 1 \ 3 (fo)+t 1 \ 4 (fi). 
[supp(/) U supp(^)] > ^ => 

ci j du[^f 1 (u)]g 1 (u) = -t 1 \ 3 ([f,g]o+[g,f] 0 )-t 1 \ i ([f,g] 1 ) =>• 

Cl = ti\s(fo) = = 0 . 

[supp(/) u supp(^)] < 2 => 


2c 2 I du[d^fi{u)\gi(u) — j dut lll (u){[f(u),g(u)] 0 +[g(u),f(u)] 0 } + 
+ J du9{x — u)ti\ 2 (u)[f(u),g(u)]i ==► 2c 2 = ti|i(u) = ti| 2 («) = 0. 
Further treatment is common for arbitrary n. 


6.3.2 n > 1, ci = c 2 = 0 
Let 


<*"»2|8(z|/,9) + <V™2|4M/,s) = g) = 

= [Mi(z\f),g] - (-l)W/)+DW»)+i)[M,( Z | 9 ),/] - M,(z|[/, 9 ]). (6.19) 

Set 

^P|supp(/) = ^p)supp(^) = 0. 

We have (according to Sec. 15.2j) 

Q 

*i(4/,,9]) = o =► M 1 ( J |/) = ^i( fJ )'( z )(a B )v(j). 

< 7=0 

Choosing g(z) = 1, we obtain 

c 3 f(z) - c 3 NJ(z) + c 4 Af(z) = [ t {B)o (z ), f{z)] => c 3 = c 4 = 0. 

So, we obtain that Eqs. (16.181) and (I6.19|) has solutions only if C\ = c 2 = c 3 = c 4 = 0. 


6.4 The exactness of the form Md\ 2 (z\f, g) 

Let us discuss the terms M d \ 2 (z\f, g) in Eq. fl6.17[) , 

M dl2 (z\f,g) = dfMMf.g) = [9] ~ (-l) (e( ^ +1)(e( ® )+1) [M^g), f] - M^z^g}). 

Recall once again that the form M d \ 2 (z\f, g) is exact if both functions M d \ 2 {z\f,g) and 
Mi(z\g) in the expression dl d Mi(z\f, g) belong to the same space A for all f,g E D n . 
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1 )A= D'„. In this case M\(z\f) G and the form M d \ 2 (z\f, g) is exact. 

2) A = E n . In this case M\(z\f) G E n and the form M d \ 2 (z\f, g) is exactly 

3) A = D„. It is easy to prove that if M 2 (z|/, g ) G D n then c\ = c 2 = 0 and M d \ 2 (z\f, g ) G 
D„. Let /(z) = u AB z B f(z ), where /(z) = 1 for z G supp(g). From M d \ 2 (z\f,g) G D n , we 
obtain 

Mi(z\d A g) G D n , VA,g. (6.20) 

Let /(z) = [z A (—l) £A a;^B^ B /2n]/(z). It follows from M rf | 2 (z|/, g) G D n and (16.20)1 

M i(^l[/^]) = M(^|<W A ) + Mi(z|^) G D n , = ^-z A g(z), =► 

Mi(z|sO G D ?t , Vflf. 

Thus, the term M d \ 2 (z\f, g) in Eq. (j6.17(1 is the exact form for any space A unlike the 
case of the Poisson algebra. 

Appendix 1. The proof of Proposition [672 

Represent the forms M\(z\f) and M 2 (z\f,g) in the form 

MiW) = T (1) (x|/o) + r (2) (x|/o + e[r (3) (*|/o) + r ( 4)(*|/ 1 )], 


M 2 {z\f,g) = M {1) (x\f 0 ,g 0 ) + M( 2 ){x\f 0 ,g 1 ) - M {2 )(x\g 0 , fi) + M(${x\f u gi) + 


+£[M(4)(x|/ 0 , go) + M( 5 )(x|/o, gi) — M^(x\g 0 , fi) + M^(x\fi, gi)], 

M (iA)(x\(p,</>) = M ( i i4 )(x|0,^), M ( 3 i6) (x|^, 0) = -M (3i6 )(:r|0,<p). 

We have for M 2d (z\f,g) = d^Mi(z\f,g): 

Md\(i)(x\<f,(j)) = -T {3) (x\(p)d x (j)(x) -T( 3) (x\<j>)d x ip(x), M d \ W (x\<p,<f>) = 0, (Al.l) 
M d \( 2 ){x\(p,(j>) = d x T w (x\ip)4>(x) + T^)(x\(f>)d x (p(x) - T w (x\[(p, 0] o ), (Al.2) 

M d\( 3 )(x\ip,<f>) = d x T {2) (x\ip)(j){x) - d x T( 2 )(x\<j>)(p(x) - T {2) (x\[ip, 0]i), (Al.3) 

M d \(s)(x\(p,4>) = d x T {3) (x\tp)(j)(x) - T {3] (x\tp)d x (j)(x) - T {3) (x\[ip, <f>] 0 ), (Al.4) 

M d \(fi)(x\<p,<l>) = d x T^)(x\(p)</>(x) - d x T(q(x\<l>)<p(x) + T^(x\(j))d x (p(x) - 

-T {4) (x\ip)d x (j)(x) -T( 4) (x|[^,^]i), (A1.5) 

[<p{x),<l>(x)]o = {d x (p(x)}(j)(x), [<p(x),0(x)]i = {d x tp(x)}(j)(x) - <p(x)d x <j>(x). 

It follows from d 2 d M 2 (z\fo, go, h 0 ) = 0 and d| d M 2 (z|/o, go, hi) = 0 

M( 4 )(x|<p, (j>)d x u>(x) + cycle(<p, </>, u) = 0, (Al.6) 


M( 4 )(x\(p,<p)d x u}(x) - {d x M {4 )(x\<p, 4>)}uj(x) + M^)(x\[(p,uj} 0: </>) + M [A) (x |<p, [</>,u;] 0 ) = 0, 


M {1) (x\[ip,uj} 0 ,(j)) + M {1) (x\tp, [0,a;] o ) - {d x M (1) (x\<f, <j>)}u(x) - 
-M( 5) (x\<p,uj)d x (j)(x) - M( 5 )(x\<f>,u;)d x <p(x) = 0. (Al.7) 


3 The proof can be found in m 
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It follows from d% i M 2 (z\fo, gi, hi) = 0 


M( 5 ){x\(p,(j>)d x u(x) - {d x M (5 )(x\<p, (fi)}uj(x) + {d x M^(x\cp,Lu)}(p(x) - 
-M( 5) (x\<p,u)d x <j>(x) - M( 5) (x\[<p,<f>] 0 ,u) + M {5) (x\[ip,uj] 0 ,(p) + M (5) (x \<p, [<p, cu]i) = 0, (Al.8) 
{d x M( 2 )(x\(p, u>)}(p(x) - {d x M^(x\ip,(p)}uj(x) - M (2) (x \[<p,<f)]o,u}) + 

+M( 2 )(x\[ip,u}]o,<f)) + M( 2 )(x|v?, [0, a;]i) + M^(x\(p,u)d x (f(x) = 0. (Al.9) 

It follows from d^M 2 (z\fi,gi,hi) = 0 


M( 6 )(x\<p,(j>)d x uj(x) - {d x M( 6) (x\tp, 4>)}uj(x) - M( 6 )(x\[ip,(p]i,u) + 

+cycle(<yC, (p, u>) = 0, (Al.10) 

~[{d x M i3) (x\tp,(p)}uj(x) + M( 3) (x\[ip,(p\i,uj) + 

+cycle(</?, (p, a;)] = dfM {3) (x\(p, <j>,u) = 0. (Al.ll) 


I. Consider Eq. (1 A1. 6[1 . Let x C U, U is some fixed bounded domain, ip(x) C D is some 
fixed function, ip(x) = x for x C U. We have from Eq. (1A1.6D 


M( 4 )(x\(p, (p) = fj,(x\<p)d x <p(x) + fj,(x\<p)d x <p(x), fj.(x\<p) = —M^(x\cp, ip) 

fj,(x\y)d x (p(x)d x u{x) + (i{x\<p)d x <p(x) d x u{x) + n(x\cu)d x ip(x)d x (p(x) = 0 
H(x\if) = fj,(x)d x <p(x), fi{x) = -2/z(x| ip) =>■ 
n(x)d x (p(x)d x <p(x)d x u(x) = 0 =>- fi(x) = 0 ==>- /x(x|<^) = 0 => 

M { 4)(x\< p,(p) = 0 . 

II. Consider Eq. (IA1.8D . 

Let [x U supp(</?)] D [supp(0) U supp(a;)] = 0. 

We have M^(x\<p, [(p, u;]i) = 0 =>• M^(x\<f,(p) = 0 =>- 


m (5 )(x\<p,<p) 
M(s)i(x\<p,(p) 


M { 5)1 0#, (p) + M( 5 ) 2 (x\<p, (p), 

Q Q 

^2M$(x\<p)d*<p(x), M( 5)2 (x\<p,(p) = Y M l(x\{d q ip}(p ). 

q=0 q =0 


Let [x U supp(a>)] fl [supp(^) U supp(</>)] = 0. 

We have 

Q Q Q 

Y M%(x\{d q ip}(p)d x uj(x) ~Y d xM$(x\{d 9 ip}(p)u(x) - Y Olb, 0]o)3Mx) = 0 

q= 0 q=0 q= 0 


Mi(x\[(p,<p] 0 ) 


Q 

Y d xM%(x\{d q ip}(p), 


q =0 


Q 

Mt(x\[(p,(p) 0 ) = YM%(x\{d q <p}(py, 
q =0 

M q (x\ip) = 0, Vg > 2 => 
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M(5) 2 0|^,</>) = —T(3)(x\[(p, (ft]o) + M(5)21oc(^|^,0), 

M( 5 )i(x\( p,<f>) = d x T( 3) (x\ip)<f>(x) - T {3) (x\(p)d x (ft(x) + M {5)lloc (x\(p,(ft), 
M$(x\<p) = 0, q^l, T {3) (x\ip) = -M\{x\ip). 


So, we obtain 

M( 5) (x\(p,<j>) = M(5)i oc (x\ip, (ft) + M d \( 5 )(x\ip,(ft), 

where the expression for M d \^(x\(p,(ft) is given by Eq. (I A 1.4)) . 

III. Consider Eq. (1 A 1.71) . 

Let [x U supp(</?)] fl [supp(0) U supp(u;)] = 0. 

We have for M^Jx\(p, (ft) = M^(x\(p, (ft) — M d ^(x\(p, (ft), the expression for M d ^(x\(p, (ft) 
is given by Eq. flAl.ll) . 

M' {1) (x\ip, [(ft,u] 0 ) = 0 =► 

Q Q 

M[ i)(x\(f,(ft) = ^Ml(x\(p)d q x (ft{x) =J2M$(x \(ft)8%p(x) ==► 

q= 0 <j=0 

M’ w (x\ip,<ft) = M(i)\ oc {x\(p, (ft), M( i)(x\tp,(ft) = M( i)ioc(x\<p,(ft) + M d \( 1 )(x\(p, (ft). 

IV. Consider Eq. (lAl.lOft . 

Let [x U supp(u;)] fl [supp(</?) U supp(0)] = supp(</?) fl supp(0) = 0. 

We have M^(x\(p, (ft)d x co(x) — {d x M^(x\(p, (ft)}u(x) = 0 and so M( 6 )(x|y?, (ft) = 0. Thus 

M {6)(x\tp,<ft) = M m (x\(p,(ft) + M {e)5 (x\(p,(ft), 

Q 

M m (x\if,cft) = ^2{d q x (p(x)M%(x\(ft) -Ml{x\ip)d*(ft{x)}, 
q= o 

K 

M ta)s ( x \ v ,4,) = ^j^* +1 (i|{a“ + v }0-^a 2l+ y). 

k= 0 

Let [x U supp(u;)] fl [supp(yj) U supp(0)] = 0. 

We have 

K K 

J2 M 2k+ \x\{d 2k+1 <p}(ft - pd 2k+1 (ft)dMx) - d x M 2k+ \x\{d 2k+1 <p}(ft ~ Vd 2k+1 (ft)uj{x)~ 

k= 0 k= 0 

Q 

+ ^2 M q (x\{d(p}(ft — cpd(ft)d q u;(x) = 0. 
q =o 


So 


M%(x \{dip}(ft — <pd(ft) 

Ml(x\{d(p}(ft - (pd(ft) 
M!(x\ip) 


K 

J2d x M 2k+1 (x\{d 2k+1 tp}(ft - (pd 2k+1 (ft), 

k =0 

K 

-J2^5 k+1 ( x \{d 2k+1 v}(ft - vd 2k+1 (ft), 

k =0 

0 Vg > 2. =*► 
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M( 6 ) 4 (a#, 0) = 4T( 4 )(x|0)^(a;) - d x T {4 )(x\tp)(j)(x) + 
+T (4) (a;|0)9 a; ^(x) - T( 4 )(x\<p)d x <j>(x) + M (6)41ok (a;|<p, 0), 
M (6 ) 5 (x|v 3» = —X(4 ) (a;|[<£, 0]i) + M (6)51ok (x|v9,0), 

M 5 2fc+1 (a#) =0, k > 1, T (4) (a#) = -Af5(x|^). 

So, we obtain 

)(x\ip,<j>) = M (6)1oc (x|^, 0) +M d | (6) (x| 9 ?», 

where the expression for Md\(Q)(x\<p,<t>) is given by Eq. flAl.51) . 

V. Consider Eq. (1A1.9D . 

We have for ML^(x\ip, (f>) = M( 2 ){x\<p,<f>) — T^(x\(f))d x (p(x) 

{dxM[ 2) (x\(p,u)}(f>(x) - {d x M[ 2) (x\(p,(/))}u(x) - M[ 2) (x\[<p, 4>\ 0 ,u) + 
+M[ ii (x\[tp,cJ\ 0 ,<f>) + M[ 2) {x\ip, + M {6)loc (x\(j),uj)d x <f(x) = 0. 

Let [x U supp(<p)] fl [supp(0) U supp(u;)] = 0. 

We have M'^(x\(p, [4 >,uj] 1 ) = 0. So M'^(x\(p,(f)) = 0 and 

M[ 2 ){x\ip,<f>) = M (2)6 (x|(p,0)+ M (2)7 (x|(p,0), 

Q Q 

M(2) 6 (a#,</>) = ^2M$(x\(p)d*<f>{x), M (2)7 O|<p,0) = ^ M 7 9 (x|{ <9V }</>)• 

q =0 q =0 

Let [x U supp(o;)] fl [supp(<p) U supp [</>)] = 0. 

We obtain {d x ML^(x\ip, <f>)}u)(x) + M^ 2 Jx\[(p,<f)]o,uj) = 0 and so 

Q Q 

d x Mj(x\{d q ip}(j))}uj(x ) + Y M%(x\{d(p}(j))dlu(x) = 0 =*> 

<?=0 g =0 


Q 

Y d xM%(x\{d q ip}<f)) + M°(x\{d^}4>) = 0, M%(x\ip) =0, q > 1 
5=0 

M%(x\ip) = -d x Mi(x\(p), d x M^(x\ip) = 0, q ^ 1 

So, we found 


M( 2 )(x\< p,<f>) = M( 2 )loc(x\<p,<t>) + M d \( 2 )(x\<p,<f>) + M" 2) (x\<p,(/>), 
Q 

M ( 2 )( x \= Y d x M$(x\<p) = 0, 

9 = 0 , 9/1 


where the expression for Md|( 2 )(x|<p, </>) is given by Eq. 
For M^(x|<p,0) we obtain 


(1A1.2|) with T(i)(x|</>) 




{^M ( 2)(a:|^,a;)}0(x) - {d x M ( " } (o#, 0)}w(a;) - M ( " } (x|[<p, 0] o ,u;) + 
+ m '(2){ x \[^P^]oA) + M" 2) (x\<p,[<f>,u\ 1) = Mi oc (x|<p, </>, u), 
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where M\ oc (x\ip, 0, a;) is some local over all arguments functional. 
Let x fl [supp(yj) U supp(0) U supp(o;)] = 0. 

We obtain 


M" 2) (x\[<p,(/)]o,uj) - M" 2) (x\[(p,<J\ 0 ,<j>) - M" 2 ) (x\<p, [0,w]i) = 0 
or 

Q 

M^(x\{d q (dif(p)}uj — {d q (d<pu>)}(fi — {d q <p}[d(J)uj — cftduj]) = 0. (Al.12) 

<?= 0 , 9^1 

Let ip(x) —> e px ip(x), 0(x) —> e kx cj)(x), uj(x) —> e~ ( ' p+k ' >x uj(x). Consider the terms of highest 
order in p, k in Eq. (lA1.12p . 

[p(p + k) Q — p(—k) Q — (p + 2k)p Q }M®{x\(p4>uj) = 0 =>• 

M?{x\<p) = 0, Q ^ 1. 

Finally, we have 

M (2 )(o#,0) = M(2)1 oc(^|^, 0) + Af d |(2)(x|y?,0). 

VI. Consider Eq. (lAl.llj) . 

Let [x U supp(o>)] fl [supp(<^) U supp(0)] = x fl supp(u;) = 0. 

We have 

M(3)(x\[(p,<i>]i,u) = 0 => M {3) (x\ip,u) = 0 =>• 

M$)(x\(p,(j>) = M m (x\<p,(j)) + M {3)9 (x\<p,(j)), 

Q 

M( 3 ) 8 (x|v9,0) = ^{d q x ^p{x)M q {x\(t)) - M q (x\(p)d q x (f)(x)}, 

q =0 

L 

^(3)9 (x\(p,</>) = ^M 2i+1 (>|{<9 2 ' + V}0- ipd 2l+1 (j)). 

1=0 

Let [x U supp(u;)] fl [supp(</?) U supp(0)] = 0. 

We have {d x M^(x\cp, 4>)}u(x) + M( 3 )(x\[<p, 0]i, u) = 0 or ^2fL 0 [d x Mg l+1 (x\ {<9 2i+ V}0- 
ipd 2l+1 (j))]uj(x ) — Mg(x\d(p(j) ~ (pd(j))d q Lu(x )} = 0. So 

L 

y^[d x Mg l+1 (x\{d 2l+1 <p}(j) - (pd 2l+1 (j))} - M°(x\dip<j) - ipdcp) = 0, 

1=0 

M$(x\(p) = 0, q > 1 =*► 

M%{x\ip) = d x Mg (x\(p), d x Mg l+1 (x\(p ) = 0, l > 1. 

Thus, we found 

M( 3 ){x\vA) = M dm (x\<p,4>) + M[ 3) (x\<p,</>) + M {3)lok (x\(p,(j)), 

L 

M[ 3) {x\< p, 0) = M 9 l+ \ x \ {<9 2 ' + V}0 - <^ 2i+1 0), 

;=1 






where the expression for Md\( 3 ){x\(p,(j)) is given by Eq. 
For MLj(x\ip, 4>) we obtain 


mM with T( 2 )(x\4>) 




{d x M[ 3) (x\(p,u)}(j)(x) - {d x M[ 3) (x\ip,<j>)}u{x) - {d x M[ 3) (x\<j>,u))}tp(x) - 

</>]!, u) + M(3)(x|[^,a;]i,0) + M[ 3) (x\<p, [</>,<n]i) = M( oc (x\(p,(f),uj). 


where M( oc (x\(p, <f>, u>) is some local over all arguments functional. 

Let x fl [supp(</?) U supp(0) U supp(u;)] = 0. 

We obtain M^(x\[(p, (j)]i,co) + M^(x\[u, v?]i, 4>) + M'^(x\[cj),uj\i, p) = 0 or 


L 

^Ml l+1 {x\{d 2l+l [f,4>]i}uj - {d 2l+1 co}[ip,())} i + cycle(yj, (j), a;)) = 0. (Al.13) 

i=i 


Let ip(x) —> e px tp(x), (j>(x) —> e kx cf)(x), uj(x) —> e (p+ fc ) x a;(x). Consider the terms of highest 
order in p, k in Eq. (1A1.13I) . 

[(p — k)(p + k) 2L+1 + (2 p + k)k 2L+1 — (p + 2fc)p 2i+1 ]Mg L+1 (x|(^0a;) = 0 =>- 

M 2L+ \x\(p) = 0, L > 2 =* 


= M 9 3 (x|{aV}0 - ^ 3 0), 

<9 x Mf (z|</?) = 0, d x ml(x\u) = 0, (Al.14) 

Mg(x\{d 3 [ip, (j)]i}u - {9 3 cc;}[^, <j)\i + cycle (<p, (j>,u>)) = 0, (Al.15) 

«J(xM = /* m S(x|«M U ). 

Let uj ( x ) — 1 in Eq. (IA1.15D . 

M|(x|[2 9 <9 3 (^ + 3 d 2 d 2 ip + 9 3 cfyj]0) = 0 =>• m\{x\u)d u = 0. (Al.16) 

It follows from Eq. (1 A 1.141) 

d x m\{x\u ) = ml q (x)d q 5(x — u) + <5(x — M)/ig 1 (w) = 

q =o 

= d x ( ^2 ml q (x)d q S(x — u) + 6(x - u^pl^u) 

\q =o 

™jj(a;|u) = ^2rn 3 9 q (x)d q 5(x-u) + 6(x - u)p 3 gi (u) + /4M- 

5=0 

It follows from Eq. (IA1.16I) 

0(x - i^dupl^u) + d u pl 2 (u) = 0, x f L -u => 

/igi(w) = C 2 = const, /Zg 2 (w) = -ci = const. 
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So, we obtain 

M(3)(x\ (p,<f>) 

M (3 )( x WA) 


dM m (x\ip, <j>) + M d \( 3) (x\<p, 0) + M" 3) (x\<p, 0) + M (3) i ok (x|^, (/>), 
J du[S^p{u)\<t>{u), 

c 2 J du9(x - u)[{dly{u)}(t){u) - (^(n)^0(n)]. 


4 d M ( ")(x|^,0,o;) = -i4i[{c%ip(x)}<i>(x)d x u)(x) - {^(x)}{0*0(x)}u;(a;)] + 

+cycl e(<p,<f>,u). 

Note that the form 

m 2 \i(x\f,g) = M (3) i(x|/i,^i) = J du[d 3 f^u^g^u) , e m2|1 = 0, (Al.17) 

satisfies the cohomology equation (16.11) . Furthermore, a form c 2 m 2 | 2 (x|/, g), which differs 
from M'L(x\fi,gi) by local form, satisfies the cohomology equation (16.1|) too, 

m 2 \ 2 W,g) = j du9(x - u)[{dlfi(u)}gi(u) - /i(u)^i(u)] + 
+x[{dlfi{x)}d x g 1 (x) - {d x f 1 (x)}dlg 1 (x)], e m2|2 = 0. (Al.18) 

So, we obtained 


M 2 (z\f,g) = cim 2 \i(x\f,g) + c 2 m 2 | 2 (x|/, g) + dfM^z \f,g) + M 2 i oc (z\f, g). 

Appendix 2. Lie Superalgebra PE 

Let Pi X{ , Pn-\-a ? Qi Vi ? QW+a Pa i j i • • • ? Q? 5 f3 , ... 1 ? 2 , ..., 77 /. 

Let L AB = d aPc^ CB + (—l) £A£s 9 B p c u) CA , s i^L AB ^j — £a + s B + 1. Introduce as well 
the notation 


9 


9 




<— «—. <9 9 

p r ~_<r. 

2Q; 

K . - Vn+a,n+/3_ ^ ^ 

a a’ 

^^^^^^ ^^ 

S p = Ppii = N x - N%, N x = —x», 

dx t 

These operators form the periplectic superalgebra pe(n) [TT] , [Tj: 

L ab ,L cd 

- (u BC< L AD + (-1 ) £ ° £d uj BD< L AC + (-1) £a£b U AC *L BD + (-1 yAeB+eceo^AD^BC^ , 











30 


and S p generates U( 1) center of the even subalgebra of this algebra. Algebra spe(n) = 
pe(n)/C/(l) is also known as strange Lie superalgebra P(n — 1) [12]. 

We ha ve z A (L BC + L BC ) = z A L BC , z A = p A +q A , (p : p) L AB = ( p,q) (l bc +L bc ) = 0, 
where 

(P,q) = Va(~1) £a u AB q B = ( q,p >. 

Appendix 3. The proof of Proposition 16.6 

Here and in successive appendices we solve the equation 


F AB (p)L^ D - (-l)^C+e D +l){eA+e B +l) F CD = _{pAD (p^BC + 

+(-l ) £c£d F ac (p)u bd + (-1) £a£b F bd ( P )lu ac + (-1) £a£b+£ ° £d F bc ( P )u ad }(A3.1) 


or 

U ij M kl + U kl M tj = 0, (A3.2) 

U ij P ka + U ik S ja + U jk 5 ia = -V ka M ij: (A3.3) 

U ij Q«0 - W afi M VJ = V ia 5 jP + V* a 6 i(i - V*6 ja - V^S icn (A3.4) 

V ia P jf} - V jts P ia + V ja S ip - V l H 3a = 0, (A3.5) 

W a ?P, r/ - W a ^S ip + W l3 'S ia = V h Q aP , (A3.6) 

W afi Q 1& + W^Q aP = 0, (A3.7) 

where we used a notation 

jjij — pij y ia — pi,n+a yy a d — pn+a,n+f3 


I. It is obviously that Eq. (1A3.1I) has solutions of the form 

F AB {p) = F AB (p ) = f(p)L AB (A3.8) 

where / is an arbitrary polynomial in p. 

II. The second solution has the form 


F AB (p) = F AB (p ) = (vi + v 2 (p,p))(-l) £A u AB = 

= (U l 2 j = 0, Vt(p) = (Vi + V 2 (p,p))6ia, wf = 0), (A3.9) 


where Vi are constant. Note that F AB {jp) can not be represented in the form (1A3.8[) . 

Lemma A3.1. 

General solution of Eq. (1A3.1I) is 


F AB (p) = F AB (p) + F AB (p), 

where Fi(p) and F 2 (p) are dehned by Eqs. (1A3.8H and (1A3.9I) . 


(A3.10) 
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Appendix 4. The proof of Proposition IA3.1I for n = 1. 

In this Appendix we omit everywhere the only possible index 1. Because n — 1, Eqs. 
(1A3.2D - (1A3.7|) reduces to 


W = 0 
£d x U = 0 

xd x U - + 2U = -2£d x V. 


(A4.1) 


So U — U\(x)£ + w 0 - Let V = 
—2d x v 0 , which implies v 0 (x) 
Let 



£,Vi(x) +f 0 (x). Then Eq. (IA4.1D gives u 0 = 0 and xd x ui + u x = 
= —\xu\ + c. 

X 

Ml dx + £{xd x - l) _1 ['y 1 (x) - xdyV^y)^]. 


Then U = -2£d x f, V = ( xd x - £<%)/ + c + 2c x £x, where c x = ~\d y v x (y)\ y=0 . 


Appendix 5. The proof of Proposition IA3.1I for n = 2. 


Equation (lA3.7j) : As IE is antisymmetric, the only nonzero element is IE 12 = —IE 21 = 
w. It follows from IIA3.7[) that wQ 12 = 0 Let w = W12C1C2 + Wi€i + ^2^,2 + u>o- Then 

w = -W 12 X2^2-W12X 1 ^1+W 1 X2-W 2 X 1 = 0. So w 12 = 0 and w 1 x 2 -w 2 x x = 0, 


which implies w { = XiW{x). Thus IE 12 = IE(x)(a;i£i + x 2 £ 2 ) + w 0 (x) = (IE(x)£ 2 £i )Q 12 + 
w 0 (x). 

Up to (1A3.8I) we have 

IE 12 (x, £) = w(x) 


Equation (1A3.6I) : As W a/3 does not depend on £, we have x 7 ^W a/3 — lE" 7 ^ + 

W^8i a = V 11 Q a fj . Consider all 4 cases 

a — 1 , (3 — 2 , i — 1 , 7 = 1 : 

xi~^—w — w = V 11 Q 12 (A5.1) 

OX i 

a — 1, (3 — 2, i — 2, 7 = 2: 

x 2 ~^—w — w = V 22 Q 12 (A5.2) 

OX 2 

a = 1, f 3 = 2, i = 2, 7 = 1: 

X2Tr—w = V l2 Q 12 (A5.3) 

OX\ 

a — 1 , (3 = 2, i — 1 , 7 = 2: 

xi-J^—vj = V 21 Q 12 (A5.4) 

OX 2 


All other equations from (1A3.6D are equivalent to these ones. 
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The sum of the equations (IA5.1|) and (IA5.2D gives (N x — 2)w = ( V 11 + V 22 ) Q 12 and up 
to (IA3.8j) 

w(x) = a nx\ + 0112 X 1 X 2 + « 22^2 (A5.5) 


where a tJ are constants. 


Let us note that ai 2 xix 2 = l/2aq 2 (xi£i — x 2 £ 2 ) Q 12 and we can regard that a 12 = 0 up 
to (1A3.8I) . 

Substitute (1A5.5D to flA5.ll) . (1A5.2|) . (1A5.3D and (1A5.4D and obtain 


a n x 2 - a 22 x 2 = V 11 Q 12 

2 1 2 T/22tol2 

-a n Xi + 0^22^2 = 1/ Q 

2011X1X2 = v 12 q 12 

2a 2 2Xix 2 = V 21 Q 12 


It follows from these equations that V 13 does not contain the terms proportional to £i£ 2 . So 
we can present V 13 in the form 


and obtain 


V 13 = v, 




0111X1 — CX22X2 
-anx\ + « 22^2 
2a n xix 2 
2022 ^ 1^2 


(x)6 + nj(x)6 + n°(x) 


V 11 Q 12 = Uii(x)x 2 - v' 2 n 
V 22 Q 12 = u 22 (x)x 2 -u 22 
V 12 Q 12 = v\ 2 (x)x 2 - vf 2 
V 21 Q 12 = v\ 1 (x)x 2 -v 21 


(x)xi 

(x)xi 

(x)xi 

(x)xi 


These equations have the following partial solution for vfp 


nn(x) = -a 22^2 ; v 2 n (x) = -a n xi 
u 22 (x) = a 2 2 X 2 ; v 22 (x) = a u x ± 
Ui 2 (x) — 0 ; ^i 2 (x) = —2anx 2 
u 2 i(x) = 2a 22 xi ; u 2 i(x) = 0 


and the following general solution for V v Q l ~ = 0: u"- = x a %(x). 

So the general solution for V 13 and IT 12 obtained from (1A3.7I) and (1A3.6I) is 


w(x) = «nx 2 + a 22 x 2 


(A5.6) 


(A5.7) 

(A5.8) 

(A5.9) 

(A5.10) 


(A5.ll) 


V 11 = fu(x)(p,p) + fi'ii(x) + (-QinXiS - a 22 x 2 £i) (A5.12) 

V 22 = f 22 (x)(p,p) + #22 (x) + (ailXi^ 2 + 022^26) 

V 12 = fu(x)(p,p) + 012 ( 2 ;) - 2anx 2 ^ 2 
V 21 = f 2 i(x) (p, p) + g 2 i(x) + 2a 22 xiCi 
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Equation (IA3.5I1 : Let us substitute (1A5. 12j) to (IA3.5j) : V lOL P — V 313 P ia + V 3a S 1 g — 
V t( 3 5 j a = 0 . Consider the case 
2 = 1, a = 2, j = 2, (3 — 1: 

V 12 P 2 1 - V 21 P 12 + V 22 -V 11 = 0 

x 1 -^f 12 (x)(p,p) + X!-£^g 12 (x) - 2a 11 x 1 £, 2 - (-2onx 2 fi)- 
-X 2 -£^f 21 (x)(p,p) - X 2 -^g 2 i(x) - 2o 22 X 2 fl + (2022^l6) + 
f 22 (x)(p,p) + g 22 (x) + (anxif 2 + o 22 x 2 6)- 
-fn(x)(p,p) - gu(x) + (a u xi£ 2 + oi 22 x 2 ^i) = 0. 

Extract from the left hand side polynomial the terms x 2 ^\ and X\^ 2 : 

2ohX 2 6 = 0 
2o 22 xi 6 = 0 
So 

On = «22 = 0 


Equation (1A3.5I) again: Now W 1 ' 2 = 0, V lj = fij{x)(p,p) + gijix). 

There exist the solutions of the equations 

V 13 = (f(x){p,p)+g(x)) P ij =x j -^-{p,p)+x j - (A5.13) 

IE 12 = 0 

U 13 = — (f{x){p,p) + g(x)) Mij 


Let us look for the solution of (1A3.5I) up to (1A5.13I) . As the function (p,p) commutes 


with all the operators L 


AB 


one 


can consider (1A3.5I) for f t j and gij separately, namely 


xidkfij Xjdifki T fkj^u fu^kj 0 


Consider 3 cases: 

1122 ) 

* = 1, .7 = 1, k = 2, 1 = 2: 


x 2 d 2 fn — X\d\f 22 — 0 

So d 2 f\ 1 = xiip(x), dif 22 = x 2 p(x) and 
hi = Jo 2 x 1 p(x)dx 2 + ^i(xi), 

/22 = J 0 X1 X 2 p(x)dx 1 + p 2 (x 2 ), 

So 

hi = xi (/ 0 C1 £ 2 <p(x)dx x dx 2 + A"Vi(xi) + N~ 1 p 2 (x 2 )) + c n , 
hi = x 2 £^ (f 0 Xl f X2 p(x)dx 1 dx 2 + A"Vi(xi) + N^fa)) + c 22 , 
where c it are constant. 

1112) and 2212) 

2 = 1 , .7 = 1 , k = 1 , 1 = 2: 


X 2 difu — Xi<9i/l2 — fl2 — 0 
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i — 2 , j — 2 , k = 1 , l — 2 


X 2 d\f 22 — X 2 d 2 fi 2 + /l 2 — 0 

The sum of these equations gives 

A ^/12 = x 2 d 1 (f u + / 22 ) = x 2 diN x (f* 1 f* 2 p(x)dx 1 dx 2 + + A~V 2 (£ 2 ))- 

So /12 = £ 2 <9i (J 0 X1 Jq 2 (p(x)dx 1 dx 2 + A“Vi(Ai) + ^V 2 (x 2 )) + ci 2 , where c [2 is con¬ 
stant. 

Thus we obtain that up to flA5.13|) the solution of (1A3.5|) has the form 


V 13 = aij{p,p) + b tj 

with constant , ^-.Substituting this expression to (1A3.5D we finally obtain 

V 13 = aSij(p,p) + bSij 


Equations (1A3.2I1 . (IA3.31) and ( IA3.4I1 : When W 1 ' 3 = 0 and V 13 

the equations (|A3.2p . (1A3.3D and (1A3.4D take the form 


U ij M kl + U kl M tj = 0, 

U ij p ka + u ik s ja + u jk s ia = 0 
U ij Q a p = 0 


aSij {p, p) + bS^, 


(A5.14) 

(A5.15) 

(A5.16) 


The solution of (IA5.16D has the form 

U v = ^(x)(p,p) + u%(x) (A5.17) 

and the equations (1A5.14j) and (IA5.15D can be considered for u a separately. Eq. (IA5.15D 
gives 


U11P 22 — 0 

tin P n + 2<i = 0 

which implies (N x + 2)u“ 1 = 0 and as a consequence = 0 (because uf x is a polynomial). 
Analogously u 22 = 0- 

Further, Eq. (IA5.15D gives 

u i 2 Pn + U 2 i = 0 
u X2 P 22 + u X2 = 0 

Taking in account the relation u X2 = u 21 , the sum of the last 2 equations gives (N x -\-2)u X2 = 0 
and u X2 = 0. 

So, up to flA3.8p . the solution of the equations (IA3.2p ~ (1A3.7P has the form 

U ij = 0 

V 1 ' 3 = aSij(p,p) + b5ij with constant a and b 

W ij = 0 
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Appendix 6. The proof of Proposition IA3.1I for n > 2 . 


The case n > 2 we prove using induction hypothesis. 

Let for n < N — 1 lemma is true. Consider the case n = N. According the inductive 
hypothesis we can regard, that up (IA3.8D the solution has the form 


W ij = 0 for i,j = 2,..., N (A6.1) 

V 13 = Sijivoixx^i) +v 1 (x 1 ,£ 1 )(p,p)) for i,j = 2,..., N 
U ij = 0 for i,j = 2,..., A 


Equation (I A3. 711 : The equation (IA3.7jl gives 
W u Q jk = W 


U75 _ "A* I JL Xk _ JL X ] = Q for i,j,k = 2 ,..., N 
d£j d£ k 


(A6.2) 


It is evident that W u is at most linear on for all with s > 1 due to (IA6.2I) . Decompose 
W u : 


K 


W u = w l 0 (x, fi) + Y w l( x ,6)6 


s =2 


Eq. (IA3.7(1 gives 
which implies 
which implies in its turn 


w}(x,^ 1 )x k = wl(x,Ci)xj, 

= 2w'(x,£ 1 )x j , 

W u = WS(x,6) +Wi(x,Ci){p,p). 


Consider the remaining equations from Eq. (1 A3. 71) : 

W u Q lk = (WS(x,6) + w i (x,£i)(p,p)) (~^ Xk ~~ ^ Xl ] = 0 f° r i,k — 2,..., N 


which implies that W l a do not depend on 
So 

W u = (Wj(x) + W}(x)(p,p)) for i = 2,..., N 


(A6.3) 


Equation (I A3. 61) : The equation (IA3.6j) gives 

- W^Sif, + W^6 ia = V^Q aP (A6.4) 

where Q ip = ^x p - -^x x {(5 > 1). 

The case a > 1, (3 > 1, « = 1 ,7 > 1 gives 

= (E 0 ^,6) + Vl(x,Ci)(p,p)) for i = 1,2,..., N 


(A6.5) 
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The case a — 1, (3 > 1, z = 7 gives 

vA Qip 

It follows from (1A6.5I) that (^2f =1 V n ^ Q a p — 0 for a, (3 > 1. So, up to (1A3.8I) we have 
that Wq{x) and W{(x) are polynomials of the second order. 

W u = (W^(x) + Wi(x)(p,p}) for i = 2, N (A 6 . 6 ) 

Evidently, Wq(x) and W^(x) satisfy (IA3.6D separately. 

The case a = 1, (3 > 1, i > 1,^ = (3 i gives 

W ^ X ^. X P = 0 

and so depends on X\ and xp only. 

The case a — 1, /3 = i > 1, i 7 ^ 7 > 1 gives W k (x)-^-x 7 — = 0. 

So 

Wf = c k x x xp 

and W a P = (coXi^i + ciXi£i(p,p))Q a p- Because (coaq£i + ciX\£i(p,p)) L AB has the form 
(1A6.1I) we can regard that W a(3 = 0 up to (I A3. 81) . 

With W '= 0 the equation (1A6.4I) gives V 13 Q ip = 0 which implies that 

V ij = (Vj j (x) + Vl j (x)(p,p)) for i,j = 1, 2,..., N (A6.7) 

where — 0 if 1 < i ^ j > 1 . 

So the equation (1A3.5D is valid for Vq (x) and V{ J (x) separately. 


N 


(N x — 2) W 1 ^ = 


, i =1 


Equation (IA3.5I) : 

pending on x only: 


The equation (IA3. 5j) has the following form for the functions de- 

X ’ 3 lA rVia ~ Xa ~^x V ^ + vJ ° Sip ~ ylf3 Sja = 0 


Consider the case i = a = 1, j = (3 > 1. We have Xj-Jp^v 11 — xi-£^v 33 = 0. Because 
v rj (x) does not depend on Xj for j > 1 we have v 33 = const and -^p-v 11 = 0 . 

Consider the case i = 1, j > 1, (3 > 1, (3 ^ j — cc.We have xp-£pv l3 — v 1/3 = 0. 

Consider the case a — 1, i = j = (3 > l.We have Xi-^-v l1 -\-v l1 = 0 which implies v l1 = 0 
because v l1 are polynomials. 

Consider the case i = 1 , a = j = (3 > 1 . We have Xj(-Jpp-v l3 — -ppp^v 33 ) + v 33 = 0. Because 
v 33 = const this gives v 33 = 0. So = 0. 

Consider the case i = a — j = 1, (3 > 1. We have xp-^v 11 — x\-^v 113 — v 1/3 = 0 which 
gives v 1,j = xpv(x 1 ) and finally v lp = 0 , v 11 = const. 

Thus, V 13 = (cq + C\ (p : p') )$ij- 
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Equations (1A3.2|1 . (1A3.3I1 and (IA3.4I) : 

U ij M kl + U kl M i:j = 0, 

U ij p ka + U ik S ja + U jk 5 ia = 0, 

u ij Q«y = o 

where [7 U = 0 for i,j = 2, N. 

Consider the equation (IA6.9D at k = l, i = j = a > 1. We have 2 U lt = 0. 

Consider the equation (IA6.9D at i = k = 1, j = a > 1. We have U u = 0. 

Thus, up to (1A3.8|) 

W ij = 0 

v 13 = (c 0 + Ciip,p))5ij 

U ij = 0 
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